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Abstract 
rf 

A three-dimensional numerical model is used for a turbulent buoyant jet. The standard k-E model has been modified to focus 
on the buoyancy-production term. The usual and modified buoyancy production coefficients are used for comparisons with 
experimental data reported in the literalure. Imported numerical results are obtained with the modified coefficient for the stack­
exit veloCities and temperatures. The effects of these parameters on fl.ow characteristics are discussed. © 2000 Elsevier Science 
Ltd. All rights reserved. 

1. Introduction 

Turbulent mixing of a buoyant jet in a cross flow is 
a serious problem. The plume from stacks of buildings 
typically discharge pollutants into the atmosphere. 
Avoiding pollutant dispersions near air-conditioning 
intakes is an important goal in plume control. When 
the flow is driven by the source momentum flux, it is 
referred to as a heated jet. When the flow is driven by 
buoyancy flux, it is referred to as a plume. 

The integral method used in plume simulation 
involves the use of the temperature distribution as a 
factor in plume rise [1]. However, wind-tunnel simu­
lation experiments only include parameters such as 
stack height, exhaust speed and wind direction [2-4]. 
Differential method, on the other hand, needs employ­
ment of a turbulence model, this is why the differential 
method has been developed simultaneously with the 
turbulence modeling. 

The most important problem in these studies is the 
significant anisotropy of the turbulence as a conse­
quence of buoyancy. Investigations using a parabolic 
set of equations [5] and algebraic' stress models [6] are 
present in literature. The former has some restrictions 
and the algebraic or Reynolds stress models need an 
enormous computing time and memory. Also, a stan­
dard k-E model is used to simulate the turbulent 
phenomena [7]. In spite of the model's reasonable 

computing requirements, it may be concluded that the 
use of k-E theory in such a flow is not appropriate. In 
the present work, standard k-E model is modified to 
focus on the coefficient in the context of buoyancy 
production term to optimize the model for a reason­
able computing time and space requirement and well 
representation of buoyancy. Experiments to obtain 
comprehensive turbulence data to test and improve 
turbulence models are available [8]. Comparisons with 
the experimental data and comparisons between differ­
ent numerical solutions [7-9] are used to demonstrate 
the quality of the simulation. 

2. Modeling the flow 

A three-dimensional flow field of a -buoyant jet exit­
ing from a square stack of dimension D has been con­
sidered. The jet has constant injection velocity Ve, 
issuing vertically into a uniform-velocity 9foss flow of 
non-stratified fluid. Fig. 1 shows the geometry and 
coordinates of the flow problem. 

With the assumption that the Boussinessq approxi­
mation is valid, the following governing equations are 
obtained: 

• continuity 
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Nomenclature 

body force per unit volume (N/m3) 
concentration (kg pollutant/kg air) 
stack diameter (m) 
Froude nmnber, V; /g�(!J.T)D 
gravitational acceleration (m/s2) 
buoyancy production (m2/s3) 
turbulence kinetic energy (m2/s2) 
pressure (Pa) 
shear stress production (m2 /s3) 
source term of the general equation 
time (s) 
temperature (K) 
ambient velocity (m/s) 
horizontal velocity (m/s) 
fluctuate velocity (m/s) 
vertical velocity (m/s) 
exit velocity (m/s) 

p8(V1)=0 
ax, 

• momentum 

au; au; 
p-+pU-

at 1ax1 

(1) 

(2) 

where the body forces due to temperature differences 
are 

Fig. I. The arrangement of the computational grid. 

Greek symbols 
� volume expansivity (J/K) 
£ dissipation of turbulence kinetic energy (m2/ 

sJ) 
¢ dependenl vadable 
µ dynamic viscosity (kg/ms) 
µt turbulenl dynamic visco ity (kg/rns) 
v kinematic visco ity (m2/s) 
v1 turbulent kinematic viscosity (m2/s) 
p density (kg/m3) 
crk, cre empirical diffusion constants 
cr1 tmb11lent Prandtl number 
crsc turbulent Schmidt number 

Subscripts 
a ambient 
e exit 
iJ tensor index 

B = pg;f3(Te - T) 
• energy 

-+U·- =- - - -u;T' ar ar a [ v ar -J 
at 1 ax1 ax1 Pr ax1 

• concentration of pollutant 

We employ an isotropic eddy viscosity and eddy 
fusivity i.e. the eddy viscosities and diffusivities 
the same for all Reynolds- tress components and sc< 
fluxes, viz. , 

-U;U· = Vt - + - - -kor 
- (au; auj ) 2 

J axj ax; 3 u 

-- vl ar -u;T'=- -O"t ax i 

-- vt ar -u;C' = - -
O"c ax; 

where 

The equations that govern the distribution of k a 
are: 
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- = - - + v - +Pk+ Gk+€ 
Dk a [(Vt ) aK ] 
Dt ax; CTk ax; 

(9) 

(10) 

where Pk is the shear stress production, 

(11) 

Gk is the buoyancy production term, 

(a) 

c 

';;:; 

0 
� 

0 
� 

5.00 
x/0=2.5 

4.00 

3.00 

2.00 

1.00 

0.00 '---"".C:::::-"--'-'---' 
0.00 0.25 0.50 0.75 1.00 

U/Uo 

5.00 x/0=2.9 . . ' :: I · ' 
4.00 � : I 

:: I 
3.00 ,:../ 

2.00 : ( 
·· .. \, 

1.00 � 
), I 

0.00 
0.00 0.25 0.50 0.75 1.00 

U/Uo 

5.00 �I 
x/0=5. /1 

4.00 fl/ 
_.'µ' 

3.00 :; 
· 1 

2.00 I 
I 

' � 
1.00 

• I  
• 1 'I 

0.00 
0.00 0.25 0.50 0.75 1.00 

U/Uo 

I I 
I 

• .Mdropouloo & Rodi (19M: 
- - -- sy1c .. otol. (1966) 
•·· · ·•· tfwong & Chiong (1995) - - tnisstUdyc;rLO 
- this study c;rO.B 

• Andrepoulos & Rodi (196•( - - - - Sykeset ol.(1986{ 
•·••·· · Hwang<!< Chiong ( 995) 
- - lhls atudy <tJ"L 
-- thio study <\.T'0.8 

• Andrepoulos & Rodi (1 98{ - - - - Sykes et ot. p 986) 
· •· ·  · · •  Hwong & Chong {1 995) - - this study <>r1 .0 
-- this study 'Oj'0.8 

(12) 

and crk and crE are empirical diffusion constants. 
Eqs. (9) and (10) are sensitive to the value of the 

coefficients. The coefficients adopted in this study are: 

Cµ = 0.09; C! = 1.44; C2 = 1.92; Cf3 = 0.8; 

CTk = 1.0; di= 1.3; CTt = 0.7; CTc = 0.6. 

For non-buoyant flows, the buoyancy production term 
Gk is of no consequence. However, for a buoyant flow, 
the coefficient cE3 can have a significant effect. It is 
usually assumed that both the stress and buoyancy 
production rates should affect the level of dissipation 
in a similar manner. Thus, the value of c€3 is usually 
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Fig. 2. Comparison of predicted profiles for V0/ u. = 2 at the z = 0 plane with data reported from Refs (7-9) . 
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Fig. 2 (continued) 

set equal to 1. The present study considers a value of 
c€3 = 0.8. To reduce the level of a buoyancy production 
term in dissipation equations, results in differences in 
consistency with the experimental data. 

3. Computational technique 

Computations are performed by discretization of the 
governing equations on a collocated grid arrangement, 
using the finite volume technique. Convection terms 
are formulated by a hybrid scheme and diffusion term 

Table 1 
The jet flow conditions and flow parameters under investigation 

v.;u. T0 (K) Fr 

1.00 600 0.16 
2.00 600 0.65 
4.50 600 3.31 
8.00 600 13.22 
8.00 450 24.55 
18.0 600 52.89 
8.00 275 a: 

formulation is held by arithmetic mean option. T 
solution algorithm is the PISO (Pressure Implicit wi 
Splitting of Operations) scheme which is basically 
time marching procedure. Incomplete factorization f 
the pressure equation and Alternate Directions Impli 
(ADI) method for the other equations are used. 

3.1. Boundary conditions 

For the discharge of a buoyant jet into a non-stn: 
fied fluid, it can be seen from Fig. I that the time-av 
aged flow field is symmetrical about the x-y pl< 
passing through the center of the jet. The calculati 
domain in the z direction extends from the symme 
plane to z/D = 7.5. In they direction, one boundar� 
the bottom plane and the other is sufficiently far av 
so that uniform cross-stream conditions may 
assumed. This location was determined computati• 
ally and was found to be at y/D = 7.5. In the x di1 
tion, the upstream boundary was placed 2.5 
upstream of the jet and the position of the downstre 
boundary was located sufficiently far downstream 
that the flow velocity became almost parallel to th 
direction at x/ D = 11.0. The boundaries for cal 
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(b) 
y 

Lx 
2 

0 

0 LO 

Fig. 4. (a) The vertical non-dimensional velocity contours (V0/U.,) and (b) iso-concentration contours for Vc/U = 8 case. 

lations then became X1 = 2.5 D, X2= 11.0 D, Yi= 7.5 
D, Zi =D/2, Z2= 8.0 D. 

• Upstream boundary conditions 

The flow was considered to be far removed from the 
jet with 

u = Ua; v = w = c = O; T = Ta; k = 0.04 u 

l = k312 /0.06 Y1. 

• Downstream boundary conditions 

x = X2; 0 < y < Yi; 0 < z < Zz. 

The normal gradients of the variables were assurr 
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Fig. 5. The computed results on the z = 0 plane for Ve/U = 18. (a) The U-V velocity vectors. (b) The stream-wise velocity (U) contours (negative 
values are shown dashed). 
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Fig. 6. Effect of jet exit velocity on plume rise: (a) V./U = 8 (Fr= 13.22); (b) Ve/U = 4.5 (Fr= 3.31); (c) V0/U = 2.0 (Fr= 0.65); (d) V0/U = 
(Fr= 0.16). 
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Fig. 7. The stream-wise velocity contours for: (a) Vc/U = 4.5 (Fr= 0.65); (b) v.;u = 2 (Fr= 0.16) (negative values are shown dashed). 

to be zero, i.e. a(V, W, T, k, E, C)/ax = O; also, 
Us= ui_1 where n and B represent iteration level 
and boundary, respectively. 

• Jet exit boundary conditions 

Xi < x < X1 + D; y = O; 0 < z < Z1. 

The conditions were specified as: 

V = Vexit; U = V = W = O; T = Texit; C = Cexi 

k = 0.001 V ?xit; € = k312 /0.5D 
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Fig. 8. Effect of the jet exit temperature on plume rise (Ve/ U = 8.0). Velocity contours on the left and the streamlines on the right: (a) T0 = 600 K 
(Fr= 13.22); (b) Te= 450 K (Fr= 24.55); (c) T0=275 K (Fr=cc). 
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(c) y 

h_x 

Fig. 8 ( conlinued) 

• x-y plane at z = 0 

0 < x < X2; 0 < y < Y1; z = 0 

This plane was treated as a plane of symmetry, i.e.: 

a(UV, T, k, £, C)/az = O; w = 0 

• x-y plane at z = Z2 

and 
• x-z plane at y = Y1 

0 < x < X2; y = Y2; 0 < z < Z2 

were considered to be far from the jet and had the 
same fl.ow conditions as the upstream y-z plane. 

• x-z plane at y = 0 

B(U, W, T, k, £, C)/By = O; V = 0 

Characteristics of pollutant are present in a recent 
study [10]. 

4. Calculations 

To assess the validity of fl.ow modeling and the con 
puter program, a case of turbulent jet emitted no 
mally to a uniform free stream of homogenous ftui 
with Ve/U = 2 is computed at first and compared wit 
previous studies [7-9]. Computation are held for tl: 
both the standard value of c£3 and the adopted one i 
this study (Fig. 2). It is seen that there is a good quaJ 
tative agreement. between the results on the profi 
shapes and magnitudes . 

Two grid distributions are used for Ve/Va= 8. Fig. 
shows the comparison of the computed V velocity pre 
files at the plane of symmetry at several stations alor 
the stream direction. Although it indicates a differenc 
near the exit, the deviation of the V profiles betwee 
the computed results of the grid size 44 x 30 x 39 an 
those of the fine grid 62 x 43 x 56 is not significan 
Therefore, the results are based on the grid numbe: 
of 44 x 30 x 39. Seven of the 44 grids in x directic 
are ahead of the jet which is 2.5 D in length and : 
grids are down tream of the jet which is 7.5 D i 
length. The remaining 10 grids of the 44 grids in 
direction is distributed over the jet exit which is D : 
length. Similar non-uniform distributions have bee 
performed in y and z directions. 
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In the present study seven flow cases are computed 

to study the effect of the exit velocity and exit 
temperature on a jet or plume flow, subject to a 
uniform velocity cross flow. The jet conditions and 
the flow parameters of these flows are listed in 
Table 1 where the discharge Froude number is defined 
as: 

vi 
Fr= e 

gp(AT)D 

(a) 

(b) 

(13) 

d) 

3 

2 

0 

5. Results 

Fig. 4 shows the V velocity contours and iso-concen­
tration contours of the jet flow interacted with the 
cross flow on the plane of symmetry (z = 0). The 
figure illustrates the computed results for the pure 
momentum jet in the cross flow of unstratified fluid 
for Ve/ U = 8 case. Above the exit, the jet, driven by 
its initial inomennim, continues to move upwards. It 
can be seen from Fig. 4a that the turbulent shear gen­
erated by the discharge, results in efficient mixing 

y 

x 

a:: 

.. 
, 1:-

Fig. 9. The iso-concentration contours for various jet exit velocities: (a) V0/U = 8 (Fr = 13.22); (b) V./V = 4.5 (Fr= 3.31)· (c) V: /U = 2.0 (Fr= 
0.65); (d) V0/U = I (Fr= 0.16). ' • 
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(c) y 

r----t--o.s 

(d) 

· Fig. 9 (continued) 

which rapidly reduces tracer concentrations. Fig. 4b 
shows the computed concentrations of the dyed jet to 
be reduced in the vicinity of the jet exit. 

Some details of the flow near jet eidt for the case 
Ve/U = 18 are illustrated by the velocity vector plots 
in the vertical plane in Fig. S. This vertical section 

shows significant upward velocity in the lee of the j 
indicating convergence into the wake; this is t 
entrainment mechanism which brings environmen 
fluid into the jet (Fig. Sa). The cross stream is lift 
over the bent over jet. In Fig. Sb the reversed flow 
observed immediately behind the jet; this is consistE 
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with laboratory experiments, reported in literature (9], 
which describes the initial jet as acting like a solid 
cylinder around which the free stream separates and 
forms a vortex. As it is observed from the experimen­
tal data reported in literature [8], the flow does not 
recirculate. Here the reversed flow is restricted very 
near to the jet exit. The cross stream enters to this 

(a) 

(b) 

reversed flow region, travels upstream and is lifted by 
the jet. Thus, the difference between the jet and a solid 
obstacle inserted in the flow is that the jet interacts 
with the deflected flow and entrains the fluid from it. 

As the ratio of the jet exit velocity to the free stream 
velocity decreases, the entrainment becomes weaker 
(Fig. 6). Increasing the ratio of the jet velocity to the 

y 

1i 

Fig. 10. The iso-concentration contours for various jet exit temperatures at constant exit velocity: (a) T. = 600 K (Fr = 13.22); (b) T0 = 450 K (Fr 
= 24.55); (c) T0=275 K (Fr=cx:). 
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(c) 

Fig. I 0 (continued) 

main stream velocity will increase the initial momen­
tum of the jet so that the buoyant jet rises higher and 
mixes more rapidly with the bottom fluid. 

The cross flow bends sharply over the jet and 
streamlines are strongly curved. The plume first 
behaves like a buoyant jet. The initial momentum and 
the buoyancy of the plume cause the jet flow to move 
upward. 

Fig. 7 shows the decay of the reversed flow with 
decreasing the jet exit ratio. for lower jet exit vel­
ocities, the initial momentum of the jet is not domi­
nant on the cro stream to form a reversed flow. 
When the jet is discharged with lower exit tempera­

tures, the reversed flow is rep laced by the mL':ing of 
the jet with the surrounding fluid (Fig. 8). 

The effect of exit velocity and temperature on the 
mixing of the jet with the surrounding fluid, can also 
be observed from Figs. 9 and 10. The lateral location 
where the concentration reduces to atmospheric value 
is inversely proportional with the exit velocity at a 
constant exit temperature. However the maximum 
height, where the atmospheric iso-concentration line 
passe through, increases with the plume rise which is 
proportional to the exit velocity. 

6. Concluding remarks 

As a turbulent jet or plume, issues vertically into a 

\ 

cross flow, the flow field can be viewed from two 
views. To the surrounding fluid, the di charged jet 
behaves similarly to an obstacle placed in the flow, 
where the windward side is the retarding region of the 
high pressure and while the lee side is the low pressure 
wake region. To the jet flow, the horizontal momen­
tum of the cross flow and the shear layer and wake 
entrainment lead to the deflection of the jet in the 
cross flow dire Lion, mixing with the urrounding fluid. 

Higher jet exit velocities effect the reversed flow and 
entrainment mechanism of the jet and the major effect 
of decreasing the discharge velocity is to limit the ver­
tical rise of a buoyant jet and to restrict the dilution 
compared to similar ftow with higher exit velocities. 
With lower discharge velocities, there is a strong inter­
action between the jet and the cros fl.ow in the jel 
exit. Exit temperature, on the other hand, does no1 
effect the lateral and vertical coordinates of the plume 
formation, but it decreases concentration reduce� 
more rapidly towards the inside of the stack. Thus, the 
mixing proces inside the reversed fl.ow region of th( 
higher velocities and high.er temperatures grows up. 

It should be noted that the formations of secondar) 
and third pairs of vortice a.re not induced in thi: 
study since the ambient has been assumed as unstrati 
tied. 

From the computational point of the view it is con 
eluded that the reduction of the value of cE3 led to at 
improved prediction for the velocity field. The presen 
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solution indicates that further downstream of the jet, 
the flow assumes a boundary layer character. A more 
general model relation would require introducing a 
functional dependence of the coeffici�nt of buoyancy in 
the structure of turbulence field. 
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