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A Modified Form of the k-¢ Model
for Predicting Wall Turbulence

The high Reynolds number form of the k-e model is extended and tested by ap-

plication to fully developed pipe flow. It is established that the model is valid
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throughout the fully turbulent, semilaminar and laminar regions of the flow. Unlike
many previously proposed forms of the k-e model, the present form does not have
to be used in conjunction with empirical wall function formulas and does not in-

clude additional terms in the k and ¢ equations. Comparison between predicted and
measured dissipation rate in the important wall region is also possible.

1 Intrcduction

The k-e model of turbulence has recently emerged as a
powerful tool for prediction of many complex flow problems
including jets, wakes, wall flows, reacting flows and flows
with buoyancy, centrifugal, and Coriolis forces. The basis of
the model is that it solves the transport equations for the
turbulence energy and the isotropic turbulence dissipation
rate. The set of model equations recommended by Launder
and Spalding [1] for high Reynolds number flows has been
most widely employed. For wall flows, these equations are
normally used in conjunction with empirical wall function
formulas. The success of this method depends on the
‘“‘universality’’ of the turbulent structure near the wall and
when disagreements are found between measurements and
predictions, it is difficult to judge whether the weakness of the
method lies in the basic model equations or in the wall func-
tion formulas.

Jones and Launder [2, 3] extend the original k-¢ model to
the low Reynolds number form which allows calculations
right to the wall. Later, other forms of the k-e model were
developed for the same purpose, but still include extra terms
in the transport equations in order to improve predictions in
the wall region, or for computational expediency.

This paper describes the development of a new form of the
high Reynolds number k-e model, predictions with which are
then compared with measurements for fully developed pipe
flows.

2 The Proposed Model

It is assumed that turbulence can be characterized by the
turbulence kinetic energy and the isotropic component of the
turbulence energy dissipation rate which are determined from
the transport equations

Dk 4 [( v, +V) ak]
Dt —axl Oy ! ax,

Contributed by the Fluids Engineering Division for publication in THE
JoURNAL OF Fruips ENGINEERING, Manuscript received by!the Fluids
Engineering Division, August 10, 1979.

456/ Vol. 103, SEPTEMBER 1981

. ( aU; oU; AUy, ) i

"\ Tox; o, ox, ) © ()
De i [( v, > de ]
= -— —_— +Vl iy
Dt dx; a, ax;

€ aU; aU; ) au; €
—f = -G fH— @2
+Cifiv P ( ax,- ax; axj 2 X (2)

The time-averaged flow field can be determined through the
eddy viscosity given by

v, =C, f,k*/€ 3)
whereoy = 1.0,0, = 1.3,C, = 1.44,C, = 1.92,C, = 0.09
as recommended in [1].

These equations are a general form of those given by
Launder and Spalding [1] in which the functions f}, f;, and f,,
are all assumed to be identically unity. It has been found that
this assumption cannot be valid within a laminar sublayer and
appropriate functions must be chosen to ensure satisfactory
predictions consistent with physical arguments. The following
sections describe the development of these functions.

2.1 Development of the Function f,. For fully developed
pipe flows, Rodi {4] has shown for C,=0.09 that f, is ap-
proximately 2.0 at the symmetry line and varies almost
linearly with radius. However, the measurements used for
evaluation of », and k?/¢ are both subject to large errors and
hence the calculated values of f, at any radius may not be
reliable, Numerous successful applications of the high
Reynolds number form of the k-e model with wall function
formulas suggest that f, should approximately equal unity in
fully turbulent regions remote from solid walls. This is also
consistent with the usuval understanding of turbulence that
properties should be fairly uniform in regions where viscous
effects are small compared to turbulent ones. In regions very
near a wall where viscous effects become important,
properties will change rapidly and f, will also"differ con-
siderably from unity. Formulas for f, which have been
proposed to account for wall effects include,

(i) f. = exp{-A,/(1+R,A))
This is proposed by Jones and Launder [2, 3] with A,, and
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A, given the values 2.5 and 0.02, respectively. Hoffman [5]
later suggested that 4, should be 1.75 instead of 2.5. In either
case, f, and », will become a unique function of R,. In this
formulauon J, is affected only indirectly by the presence of a
wall through R

(i)
. This is proposed by Chien [6] with A, = 210.0. f, is now
" directly dependent on the normal dlstancc from a wall.
(iii) fu=1-exp(-A,R)) )
This is proposed by Hassid and Poreh {7] with 4, =
.0.0015. As in (i), f, and v, depend only on R,,
: .above formulas have been shown to yield good results
when used with the forms of the k- model employed by the
respective proponents. Not all of the above formulas for f,
can, however, be used with a physically correct boundary
condition for ¢ and the unmeodified transport equations (1)
and (2) as seen from the following argument.

At a wall ¢ is finite and k=3k/dy=0. The variation of k
and e near the wall may be expanded in a Taylor series to give

k=py +py* + ...
e=go+qy+ gy + gy + ...

where the p’s and g’'s are functions of the streamwise
distances. At very small distances from the wall », will be
proportional to y*, % and y® if equations (4), (5), and (6),
respectively, are used. Therefore, only equation (4) can
provide near wall variation of », consistent with the findings
of Elrod [8] and the famous Van Driest formula

—e -r+/26)2 aU+

ay*

The assumption that », is dependent only on R, remains
doubtful as it seems plausible that the presence of a wall
should have a direct influence on », such as that given in
equation (5). Hence, an alternative formula is required and
can be obtained by using the succcessful Hassid-Poreh one-
equation model employed by Gibson, et al. [9] in which », and
€ are given by

vy *(1

~0.01189R .

S = R /(A +Ry) 3.
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Treating R, as a separate independent variable, equations
(7) and (8) can be combined to eliminate y thus expressing »,
interms of k, ¢, R, and v;:

0.09 &? [

»
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Comparison with equation (3) for C, = 0.09 shows that
f =0.5(1- eommu,) [ :

(10)

Instead of equation (10), the simpler relationship of
equation (11) is postulated
f,,=(l—e"‘u’*k)’(l+ i’-) (1)
R,
which still rcndersf a function of both R, ahd R, and v, is
proportional to y* near the wall. The presence of a wall now
has a direct and an indirect influence on f,. For high tur-
bulence levels, f, will tend to unity at large dlstances from the
wall but retain the R, dependence near the wall. The values of
the constant A, and A4, are determined by trial and error.

+Jl +50.0/[R,(1 — e~0DHIBR )2]]

2.2 Development of the Function f,. Computations with
the high Reynolds number form of the model with wall
function formulas suggest that f; is approximately unity
remote from a wall. In the near wall region it is found that f,
assumes larger values in order to increase the predicted
dissipation rate thereby reducing the predicted turbulence
level to match available experimental data. If f; is held
constant and equal to unity, additional destruction terms [2,
3, 5-7] would be required in the k-transport-equation to yield
reasonable predictions. It is proposed that

=0.2274yk" (1 —e @) Si=1+(Aa/f,) 12)
Nomenclature
A, ,A, = turbulence model U, = bulk velocity
Ay Ac, A constants U* = shear velocity V7, /p ‘ ,
C;, G, C, = turbulence model U* = ratioof U/U* ¢ = g;nerglizedvariabie
B constants u’ = instantaneous fluctu- v = viscosity
D = pipe diameter ating component of oy = diffusion Prandtl
flifZ, fu = turbu_lence model axial velocity number for
functions U;, U; = tensor notation for turbulence energy
k = Eur_b_llxl?nce energy = velocities in the 7 and j o, = diffusion Prandt|
Voujui directions, respec- number for
n = power law index tively dissipation rate
R Reynolds number U,D v’ = instantaneous fluct- 7, = shear stress at the wall
e = :
z L compeneni o upsrip
R, = turbulence Reynolds X;, X; = tensor notation for efft = ifl']fective
| k k"y space coordinates J = j"node
TRmSer— ¥ = normal distance from [ = laminar
¢ wall max = maximum
1 R, = turbulence Reynolds y* = distance from wall t = turbulent
k b k? defined as U*y/y, w = atwall
o number — =5 : '
¢ = isomoplerhuenee  guperripey
r = radial coordinate —E’#— ’ = instantaneous fluctu-
| U = time-averaged axial du;  du; ating component
velocity dx; dx; — = time mean value
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Fig. 1(b) turbuience shear stress

—_— . present model, Re = 41867

e - ——Jones and Launder's model, Re = 41667
------------ measurement, Hinze [12], Re = 41000

Fig.1 Comparison for varlous turbulence quantities

which makes f; a function of f, only. The constant Ac,
should have a small value so that remote from a-wall and
when the turbulence level is high, f, and hence f;, will be
approximately unity. Close to a wall, f, will be small but
finite and f, will become large. The value of the constant A,
is‘again obtairied by trial and error.

13 Development of the function f;. Low Reynolds..
number forms of the k-e¢ model [2, 3, 6-8] employ the
assumption i !

: fr=1-0.3e"R (13)

Since e and. its derivatives de/dx; and 3%¢/dx} are not in-
finite at a wall, f; must tedd to zero as R, unds to zero.
,ﬁ? equation (13) is not directly applicable but can be

that is-
fi=l-e R’ (14)

2.4 Boundary Condition for . Since », = 3k/dr = 0 at the
wall apd » is constant, equation (1) reduces tp
ni ).. the finite difference analog of which is obt:i
from a Taylor series expansion of k about the wall.

3 Applieaﬁon of the Model
3.1 ppﬂpum Values of the New Constants 4,, 4, and
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by omitting the factor 0.3 in front of the exponential
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Fig.2 Variation of mean velocity, Re = 41667

present model
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Fig.3 Varistion of {riction factor with Reynolds number
present model, computed pointe
— — — Blaslus[11]
------------ Nikuradse [11]

Ac,. Calculations were performed [10] for different Reynolds
numbers by using a finite difference scheme with successive
over-relaxation. For most cases, 91 grid points and a
relaxation factor of 1.51 were used together with the con-
vergence criterion

16§ — &f)/¢f™ 1 £0.0001 _;
where ¢ is the value of ¢ at the /** grid node after the N
iteration cycle and ¢/ that for the {(N-1)" iteration cycle.
Best agreement with the measurements of Nikuradse (as

reported in [11]) and those of Laufer reported in [12] was
obtained for 4, = 0.0165, A, = 20.5,and A, = 0.05.

3.2 Com | of Predictions With the Present Model
and Previous Data. cal predi for various turbulence
quantities are compared in Figs. 1(a) and () with the model
of Jones and Launder using the present finite difference
scheme, and with Laufer’s measurements made at Re =

41000 as reported by Hinze [12], llthough. the extrapolatec
results foru’v’ at small y* not be

~ shown in Flg 1(b). This is because of the lack of rehable‘ ' -

measurements to permit correct extrapolation to meet the
known limiting derivatives of u’'v’ at the wall, namely,
du'v')ay =
meets both these values as well as Elrod's [8) limiting
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Fig. 4s) Variation of dissipation rate near the wall
—_ presentmodel, Re = 41847
— - —_prediction with equation (18) for /.
------------ measurement, Hinze {12} e = Mh
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Fig. 4b) Dissipation rate at the walil as a function of Reynolds number
5 presant model, computed points

relationshipof u‘v’ o y*. Predicted velocity distributions
using the two models are also compared with the universal
velocity profile, Fig. 2. It can be seen that the present model is
at least equal to, if not better than that of Jones and Launder.

Comparisons of the friction factor C, from Nikuradse’s
data [11] and the Blasius formula

C, =0.079(Re)~ 02 15

are shown in Fig. 3 for 6000 = Re = 417000. At low
Reynolds numbers (Re < 30000), the agreement is excellent
but for higher Reynolds numbers, predicted values appear to
be slightly too high. To obtain C;, full solutions of the
equations were obtained [10] at all Re of Fig. 3. For the Re

range covered, distributions are similar to those of Figs. 1 and
2.

3.3 Wall Dissipation Rate. The computed near wall
variation of dissipation is compared in Fig. 4(a@) with

. measurements as reported by Hinze [12]. A discrepancy of

about 45 percent is noted at the wall but such a measurement
is subject to larger errors. It is shown in [10] that the wall
dissipation rate estimated by Hinze from Laufer’s data [13] is
approximately 1.9 times the correct value, thus favoring the
present prediction.

. It is also noted that the computed profile for e shows a

: small ‘‘kink’’ at a y + value of about 5. During an early stage

in the development of the present model, it was found that a
pronounced “‘kink’’ can be produced by choosing a different
function for f,. For example the broken line shown in Fig. 4
was obtained using
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, . £0.05\2
=14 (&

h=1 ( 1, (16)
with 4, = 0.04, A, = 20.54 and Re = 23300. This is in line
with the recent measurements of Schildknecht, et al. {14] who
have demonstrated that the measurable portion of ¢ does
a:tr such a phenomenon.: Until more information. for
tion rate is available, it will be difficult to assert
potlﬂvely‘ﬂie relationship between f, and f, but it appears

that f; should be large when f, is small, and that f, may take
the form of

44“ 3

:,, “; ¥ ed fa ﬁr.c'(“c')

thus sing the hypothem that enhanced dissipation mz
neara boundary is'associated with an increased damping
of turbulence length scales.

The dissipation rate at the wall as a function of Reynolds
number computed with the present model is shown in Fig.
4(b). No experimental data for comparison appear to be
available.

3.4 Sensitivity Test. The aim of this test is to study the
sensitivity of the solutions with respect to changes in the new
constants A, A,, and A¢,. The test was carried out at Re =
23300 for A, =+ S percent and Ay and 4, = 10 percent about
the optunum values of Section 3.1. Detailed results are
available in [10] and give changes in C, of 2.6 percent and
—4.0 percent, — 3.7 percent and 5.6 percent, and 0.4 percent
and -2.0 percent, respectively. Although the predicted
friction factor can change by a few percent by varying the
constants, the predicted distributions of variables were found
not to exhibit noticeable differences except for the dissipation
rate, in which the “*kink’’ becomes more pronounced with
decreased A, .

(17)

4 Conclusions

A new form of the k-e model has been developed and tested
by application to fully developed turbulent pipe flow. The
present model is defined by the set of equations (1)-(3). The
values of the constants C,, C,, C;, a;, and o, have been
established by previous workers. The functions f,, f,, and f;
have the forms given by equations (11), (12), and (14),
respectively. The values of the additional constants A, 4,,
and A., are reported in Section 3. Satisfactory predictions
have been obtained with the present model and agreement
with available experimental data is found to be good. It is also
found that the predicted distributions of variables are not very
sensitive to small changes in the values of the constants 4,,,
A s and ACI

It is established that the present model is valid throughout
the fully turbulent, semilaminar and laminar regions in fully
developed pipe flows. In contrast to previous forms of the
high Reynolds number k-¢ model, the present one does not
require the use of wall function formulas and does not require
the introduction of additional terms into the transport
equations. The present model also allows a study of predicted
versus measured ¢ in the important wall region to be made.
Computed profiles for dissipation rate show a small “‘kink”’
near the wall which agrees with recent measurements. It is
demonstrated that the size of the kink can be altered by ad-
justing the values of n and A, in equation (17) but firmer
recommendations must await the availability of reliable data
for dissipation rate near the wall,
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PURPOSE: The Symposium aims to present new results, of significance to fluid mechanics and obtained by laser-Doppler
anemometry. It is intended that these results will improve present understanding of complex flows, both
laminar and turbulent, and their implications for the solution of problems of fluid mechanics will be em-
phasised. Contributions to the theory and practice of laser-Doppler anemometry will be presented where they

facilitate new fluid-mechanic investigations.
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following areas:

jets, wakes and mixing regions
boundary layer flows

corner flows

separated flows

atmospheric boundary-layer flows
slurry flows

reacting flows

flows with imposed oscillations
two phase flows

instrumentation developments intended to improve accuracy and range of measurements

ABSTRACTS: Paper selection will be based upon a reviewed abstract of not less than 500 words which should be typed
double spaced and state the purpose, results and conclusions of the work with supporting figures as ap-
propriate. Five copies of the abstract should be submitted to:

Professor D. F. G. Durao

Department of Mechanical Engineering

Instituto Superior Tecnico
Avenida Rovisco Pais
Lisbon 1, Portugal

DEADLINES: Final data for receipt of abstracts—15 January 1982
Authors informed concerning acceptance—1 March 1982
Final date for receipt of camera-ready manuscripts—15 May 1982

PROCEEDINGS: All papers accepted for presentation will be incorporated in a Proceedings Volume which will be
available at the time of the Symposium. It is intended that a bound volume will subsequently be
published and will contain a selection of extended papers.

ORGANIZING COMMITTEE: Professor D. F. G. Durao (Chairman), Instituto Superior Tecnico, Lisbon, Portugal

Professor R. J. Adrian, University of Illinois, Urbana, U.S.A.
Professor F. Durst, University of Karlsruhe, Karlsruhe, Germany
Profesor H. Mishina, University of Sapporo, Sapporo, Japan
Professor J. H. Whitelaw, Imperial College, London, England

460/ Vol. 103, SEPTEMBER 1981

Transactions of the ASME

T

Link

Lzt

oA

- o T



